Abstract This paper defines a pairing of two finite Hopf C*-algebras A and B, and investigates the interactions between them. If the pairing is non-degenerate, then the quantum double construction is given. This construction yields a new finite Hopf C*-algebra D (A, B) . The canonical embedding maps of A and B into the double are both isometric.
Much of our work is inspired by the work of ( [10, 11] ). All algebras in this paper will be algebras over the complex field C. Please refer to ( [12] ) for general results on Hopf algebra. In many of our calculations, we use the standard Sweedler notation ( [13] ). For instance, formula like m(S ⊗ ι)∆(a) = ε(a)1 can be written as (a) S(a (1) )a (2) = ε(a)1.
Pairing of Finite Hopf C*-Algebras
In this section, we consider a bilinear form between finite Hopf C*-algebras. 
Definition 2.2 ([14]) Suppose that (A, B, < ·, · >) is a pairing of finite Hopf C*-algebras.
If B (resp. A) can separate the points of A (resp. B) (i.e., if a 0 ∈ A (resp. b 0 ∈ B) such that ∀b ∈ B (resp. a ∈ A) < a 0 , b >= 0 (resp.< a, b 0 >= 0), then a 0 = 0 (resp. b 0 = 0)) and we call the pairing is non-degenerate.
Similar to the discussions in ( [10] ), we have the following results. Firstly for any pairing of finite Hopf C*-algebras (A, B, < ·, · >), we can define the linear mappings by using the standard Sweedler notation: Proof For all a, a ′ ∈ A, b, b ′ ∈ B, we can obtain
which shows that (B, µ l A,B ) is a left A-module. In a similar way, we can check other relations and we omit them here.
For convenience, the previous actions will be denoted by ⊲ and ⊳ : 
Proof From the implications of the notations "⊲" and "⊳", the proof is obvious.
From Lemma 2.4, we can get the following proposition at once. 
which proves the proposition for the non-degeneracy of the pairing.
From Proposition 2.5, we will write (b 1 ⊲ a) ⊳ b 2 as b 1 ⊲ a ⊳ b 2 briefly in sequence.
Remark 2.6 (1) The third axiom in Definition 2.1 is also symmetric in A and B: 
Applying ε to the two sides of this equation yields
which implies the last axiom.
The Quantum Double
In what follows, we will only consider the action of B on A, where A and B are two dually paired finite Hopf C*-algebras. It is easy to see that A ⊗ B can be made into a linear space of finite dimension in a natural way ( [15] ). Furthermore, we can turn the linear space A ⊗ B into an associative algebra which has an analogous algebra structure to the classical Drinfeld's quantum double.
Definition 3.1 The quantum double D(A, B) of a non-degenerate paring of finite Hopf C*-algebras (A, B, < ·, · >) is the algebra (A ⊗ B, m D ) with the multiplication map defined through
Following, we will write In order to avoid using too many brackets, we will use Sa for S(a). On the basis B D , set
and extend it anti-linearly to the whole space of D (A, B) .
To describe the *-structure of D(A, B) exactly, we firstly do some preparing work.
where we use relations S A ((S A a) * ) * = a and < a * , b >= < a, S B b * > in the third and forth equations.
Proof We firstly prove the relation
which completes the proof.
Using Lemma 3.3 and Lemma 3.4, one can immediately get the following result. Furthermore, one can show that D(A, B) has a Hopf *-algebra structure. Indeed, under the following structure maps, D(A, B) becomes a finite dimensional Hopf algebra naturally ( [16] (1) ∆ D is a *-homomorphism. , 1 B )(1 A , b) 
Similarly, ε D is a *-homomorphism.
(2) It is easy to see
and therefore,
Using these two relations, we have
Now it is time to consider the C*-algebra structure of D(A, B).
Lemma 3.7 Let ϕ A and ϕ B be invariant integrals on A and B, respectively.
Then θ is a faithful positive linear functional on D(A, B)
.
. In the following, we denote bb * by c briefly.
where we use the relation ϕ B • S B = ϕ B for the last third and forth equations. 
